We study explained variation under the additive hazards regression model for right-censored data. We consider different approaches for developing such a measure, and focus on one that estimates the proportion of variation in the failure time explained by the covariates. We study the properties of the measure both analytically, and through extensive simulations. We apply the measure to a well-known survival data set as well as the linked Surveillance, Epidemiology and End Results (SEER)-Medicare database for prediction of mortality in early-stage prostate cancer patients using high dimensional claims codes.
estimates of predicted survival given the covariates [7] . Such measures have not been examined under the additive hazards model to our best knowledge. Explained variation has been well studied in the literature under the Cox regression model for right-censored data. Kent and O'Quigley [11] first defined a measure of dependence for censored survival data, making use of the Kullback-Leibler information gain. It is based on the conditional distribution of the time to event random variable T given the covariates Z . A later work by Xu and O'Quigley [12] considered instead the conditional distribution of Z given T , using also the information gain. This latter measure can be readily extended to time-dependent covariates.
A simple approximation to this second measure was described in O'Quigley et al. [13] , which can be easily computed using the partial likelihood ratio test statistic following the fit of the Cox model. Preseley et al. [14] advocated for these information gain based measures.
Another approach to defining explained variation makes use of the residuals. This originated from the R 2 under the linear regression model, which can be written as one minus the ratio of the residual sum of squares over the total sum of squares. It is also well-known that these two sums of squares estimate the residual variance and the total variance, respectively. O'Quigley and Flandre [15] proposed to use the Schoenfeld residuals under the Cox model, in a similar way to the R 2 under linear regression. It has been shown that when the Cox model appears to be a reasonably fit to the data, this measure and the one above based on information gain, tend to give comparable quantifications of explained variation [16] .
Other approaches have also been considered in the literature for right-censored data. Schemper and Kaider [17] proposed to compute the correlation coefficients between the failure rankings and the covariates, using multiple imputation to handle the censored data. We note that inference under the Cox model is only based on the ranks of the failure times, hence nonparametric correlation coefficients like Kendall's tau or Spearman correlation might be considered. However, as it is known and we also elaborate below, inference under the additive hazards model is not rank based.
Finally not restricted to the survival context, previous experiences in describing explained variation outside the classic linear model have also considered the direct decomposition of the total variance in the outcome, and quantifying the proportion that is explained by the covariates. Depending on the model, this can sometimes be a straightforward approach, such as under the linear mixed effects model [18, 19] , or under the accelerated failure time (AFT) models [20] .
In this work we consider the semiparametric additive hazards model. We aim to quantify the explained variation under this model. It turns out that the last approach described above, i.e. the direct decomposition of the total variation into components of explained and unexplained (or residual) variation, is easily computable as well as interpretable under the additive hazards model. In the following we will first focus on its development, investigate its properties, and illustration how it might be used in practice to quantify the predictive power of a set of prognostic variables, and also for use in variable selection procedures. We will defer discussion to the end of the paper why some of the other approaches described above do not work under the additive hazards model. The rest of the paper is organized as follows. After a review of the semiparametric additive hazards model and its inference in the next section, we describe explained variation and its estimator in section 3. In section 4, we study the properties of the measure, both the population and the sample-based versions. Section 5 further explores the behavior of the measures using simulation, under different censoring scenarios, different covariate distributions, different baseline hazard functions, and beyond. We apply the measure to real data sets in Section 6, and we conclude with discussion in the last section.
| SEMIPARAMETRIC ADDITIVE HAZARDS MODEL
Let T be the failure time random variable of interest, Z be a vector of covariates, and C be the censoring time random variable. Let X = min (T , C ) and δ = I (T ≤ C ) where I (·) is the indicator function. We observe a random sample
The semiparametric additive hazards model [21] assumes that the conditional hazard function
where λ 0 (t ) is the baseline hazard and β is a vector of regression effects. We will also use the counting process notation:
and Y (t ) = I {X ≥ t } are the counting process of events and the at-risk process, respectively.
Under model (1), an estimator for β was proposed by Lin and Ying [21] :
where
We note that unlike under the Cox model, the above estimator of β is not rank based in that it depends on the values of X i 's beyond their ranks in the data set. It can be shown that, if g (·) is a strictly increasing function, then g (T ) in general no longer follows a semiparametric additive hazards model. In the special case where g is multiplication by a constant c > 0, thenT = cT still follows a semiparametric additive hazards model, but the regression coefficient is rescaled by c:β = β /c.
The cumulative baseline hazard function
In the following we write out the integral in (3), which is not a step function. Denote the K ordered distinct observed failure times t 1 < ... < t K . We have for k = 1, ..., K :
where d l and r l are the number of events and number at risk at time t l , respectively. In addition, for any t k ≤ t < t k +1 ,
The resulting estimated survival functionS (t |z ) = exp (−Λ 0 (t ) −β z t ) is not guaranteed to be non-increasing; therefore we make use of the following adjusted version [21] : S (t |z ) = min s ≤t S (s |z ) .
| EXPLAINED VARIATION
The explained variation, as described in the survival context by O'Quigley and Xu [16] , can be defined as
This is consistent with the regression setting of model (1) for the conditional distribution of T given Z , as the proportion of variation of T explained by Z out of the total variation of T .
In practice for survival studies, there is often a finite upper bound of time τ due to administrative censoring, so that all the observable data are conditional upon T < τ. We then define
Obviously when there is no censoring, Ω 2 = Ω 2 ∞ ; and in the following for uniformity of notation, we allow τ ≤ ∞.
We can estimate directly the quantities in (7) under model (1) .
Var {E(T | Z , T < τ)}, we first integrate with respect to an estimated distribution of T given Z and T < τ:
We then integrate with respect to the empirical distribution of Z . Denote the resulting estimates E {Var (T | Z , T < τ)}
and Var {E(T | Z , T < τ)} , respectively. For example,
where the expressions for the quantities in the right-hand side above are given later in the section.
To estimate Var(T | T ≤ τ), we can use
In order to estimate the marginal survival function, we may use the nonparametric Kaplan-Meier (KM) estimator.
Alternatively, we may use:
It can be shown that, if (11) is used in estimating the expectations in (10), then we have the following decomposition:
Combining all of the above, we obtain R 2 τ as a consistent estimator of Ω 2 τ under model (1):
We also denote
Finally, to compute the quantities in (13) , with the adjusted nonincreasing estimate S (t | Z ) from Section 2, we have:
and
Since there is no closed-form expression for S (t | Z ), the integrals in the above are computed using the trapezoidal rule. We partition the interval [0, τ] first using t 1 , . . . , t K ; additional points are added to create a grid no wider than 0.01 between two adjacent points. We then use an iterative halving process, i.e. adding the midpoints between any two adjacent points to the grid, until the change in the resulting R 2 τ is less than 0.01 in absolute value.
The quantities in Var(T | T < τ) can be computed in a similar fashion using (11) instead of the conditional survival function in the above.
| PROPERTIES OF Ω 2 AND R 2
The desirable properties of a measure of explained variation are best understood under a linear regression model, including: 1) it lies between zero and one; 2) it takes the value zero when there is no regression effect; 3) it increases with the strength of the regression effect; 4) it tends to one as the regression effect tends to infinity; 5) it is invariant under certain transformations of the dependent and independent variables, depending on the model. For the last property, the transformation is linear under the linear regression model, and is rank-preserving for the failure time under the semiparametric Cox regression model [16] .
In the following we investigate if the above properties hold for the measures defined in the last section.
• The facts that 0 ≤ Ω 2 τ ≤ 1 and 0 ≤ R 2 τ ≤ 1 follow immediately from their definitions (7) and (13) , assuming that the latter is estimated using (11) .
• When β = 0, Ω 2 τ = 0 because independence between T and Z implies that
if it happens that the estimated coefficientβ = 0. Otherwise, the sample based measure R 2 τ > 0, but is expected to be small since it is a consistent estimate of Ω 2 τ = 0.
• It is analytically difficulty to prove that Ω 2 τ increases with |β | in general. However, for simpler settings such as a binary Z and τ = ∞, we can prove it analytically and this is given in the Appendix. For more general settings, we illustrate this via simulation.
• It has been known that the quantity Ω 2 defined in (6) can be bounded strictly less than one [16] . For a binary Z , if we assume that T | Z = 0 has finite second moment, then we can show by the dominated convergence theorem that:
For example, when λ 0 (t ) = 1, lim β →∞ Ω 2 ∞ = 0.333; and this is the exponential case discussed in O'Quigley and Xu [16] . When λ 0 (t ) = t , lim β →∞ Ω 2 ∞ = 0.647; and when λ 0
. Similar calculation can be done for covariates with continuous distribution:
where g (Z ) is the density of the covariates and Z is their sample space. This limit may not be equal to one and it depends on the form of λ 0 (t ) and the distribution of Z ; for example, when Z ∼ U 0, √ 3 and λ 0 (t ) = 1, lim β →∞ Ω 2 ∞ = 0.500. • By their definitions and simple algebra, it can be shown that Ω 2 τ and R 2 τ are invariant under linear transformations of Z and when T is rescaled by a positive constant.
In summary, we have the following properties:
τ increases with |β |; 4) Ω 2 τ and R 2 τ are invariant under any linear transformation of Z and rescaling of T .
| SIMULATIONS
In the following we further study the properties of the measures through simulations. In addition to the properties mentioned above, we also investigate: 1) the effect of baseline hazard on explained variation; 2) explained variation under nested models. As we have more experience with explained variation under the Cox proportional hazards regression model, we also investigate 3) how the measure compares with a similar one under the Cox model, when both models are valid; and 4) explained variation of Z give T , which has been advocated for use under the Cox model.
All simulations below were carried out with sample size 1000, and 100 simulation runs each. All the results are reported as mean with standard deviation (SD) over the simulation runs in (·). As the simulation has been extensive, we have chosen to display the representative scenarios that carry meaningful messages, as opposed to every combination of all possible parameters and settings.
| Basic properties | As |β | increases
We first simulated with λ 0 (t ) = 1 and different values β =1, 3, 15 and 50, Z from Uniform [0, √ 3] as well as binary 0,1 with equal probabilities. Note that these two covariate distributions have the same variance 0.25, rendering the measures comparable for a given β value. The censoring distribution was uniform [0, τ]. We computed the Ω 2 τ values as follows. When there was no censoring we computed it analytically by definition using the fact that T ∼ Exponential (1 + β Z ). When there was censoring, we took a single large sample size of 100,000, and used the R 2 τ value computed with the true β and the true λ 0 to approximate Ω 2 τ .
From Figure 1 and Table 1 we see that R 2 τ and Ω 2 τ values are close in all cases, both increasing with |β | as expected. The effect of τ reflects different follow-up periods, which also leads to different amounts of censoring. It is seen that the patterns of change with τ is different depending on the distribution of Z . It is more pronounced with binary Z especially for that larger β values, likely because the censor percentages are much higher in that case.
| Effect of λ 0 (·)
We consider here a binary Z taking values 0,1 with equal probabilities. We consider λ 0 (t ) = 1, t and 1/(2 √ t ). In Figure 2 we plot the density of T for each group, to show how the two groups differ in each scenario. The mean of R 2 ∞ over the 100 simulations are printed on each configuration. From Figure 2 we see that the R 2 ∞ values tend to be larger when the two groups indexed by Z = 0, 1 have different concentrations of failure times, i.e. different shapes of the density functions, such as in the case of λ 0 (t ) = t . On the contrary, with λ 0 (t ) = 1/(2 √ t ) the two density functions have very similar shapes, resulting much smaller R 2 ∞ values. As noted earlier, the upper bound of Ω 2 for the three cases are 0.091, 0.333 and 0.647, respectively.
| Nested models
Next we consider a limited set of simulations with λ(t |Z ) = λ 0 (t ) + Z 1 + 3Z 2 + Z 3 , where the covariates Z 1 , Z 2 and Z 3 were independently drawn from Uniform [0, √ 3] and the baseline hazard was in turn equal to 1, t and 1/(2 √ t ). We consider the five models listed in Table 2 : three univariate models with each of Z 1 , Z 2 and Z 3 , respectively; a model with only Z 1 and Z 3 ; and a model with all three covariates. We see from Table 2 that R 2 ∞ increases with the complexity of the models: R 2 ∞ is the largest with all three covariates Z 1 , Z 2 and Z 3 ; R 2 ∞ with both Z 1 and Z 3 is larger than with Z 1 or Z 3 alone; meanwhile, since Z 2 has a strong effect as reflected in its regression coefficient, R 2 ∞ with Z 2 alone is larger than with both Z 1 and Z 3 . These behaviors show that the measure can be useful for model selection purposes.
| Comparison with the measure under the Cox Model
As discussed earlier the semiparametric additive hazards model behaves somewhat differently from the semiparametric Cox model. Here we compare R 2 τ as defined in (13) under the two models when both models are valid. We consider a binary Z and constant baseline hazard; this is a case where both the semiparametric additive hazards model (1) and the classic Cox model hold.
Under the Cox model S (t | Z ) = {S 0 (t )} exp(β Z ) , where the regression parameter is typically estimated using the partial likelihood, and the baseline survival function via the Breslow's estimate of the cumulative baseline hazard. We can then similarly estimate the explained variation as defined in (6) or (7), using a similar approach as described in Section 3. We denote this as R 2 cox . Both R 2 cox and R 2 τ thus defined should be consistent for the same Ω 2 τ . In Table 3 we again simulated with λ(t |Z ) = 1 + β Z for a binary Z , β = 1, 3, 15 and 50, with no censoring or 30% censoring . As expected, the values of R 2 cox and R 2 τ are indeed very close to each other.
| Explained variation of Z given T
O'Quigley and Xu [16] advocated for considering the explained variation of Z given T under the Cox regression model.
One main advantage of this approach is that the resulting measure tend not to be bounded strictly less than one. In addition, considering Z given T is also consistent with the sequential conditioning and counting process notation often used in survival analysis. Following O'Quigley and Flandre [22] and O'Quigley and Xu [16] , we consider in particular the covariate residual (also called Schoenfeld residual under the Cox model) based approach.
In order to obtain the residuals of Z , we need to estimate the conditional distribution of Z given T . A theorem from
Xu and O'Quigley [12, 23] can be readily adapted to provide a consistent estimate of this conditional distribution under model (1): Theorem 1 Under model (1) and independent censoring, assuming that λ 0 (t ) is known (or otherwise consistently estimated), the conditional distribution of Z given T is consistently estimated by
The proof of the above theorem is similar to that of Theorem 1 in Xu and O'Quigley [12, 23 ] but applied to model (1) .
In practice λ 0 (t ) is unknown, and also not readily estimated by the typical software that fit the additive hazards model. Our investigation here is of exploratory nature, aimed to understand the behaviors of the explained variation of T give Z versus Z given T . In simulations below we use the true λ 0 (t ). Denote
The residuals under the fitted model and under the 'null' model where β = 0 are, respectively:
where E 0 (Z | X i ) is simply the empirical average of Z in the risk set at time X i . Therefore for a scalar Z we may define
. The extension to multivariate Z was described in O'Quigley and Xu [16] and can be easily adopted here.
We simulated under λ(t ) = 1 + β Z , with a binary Z and equal probabilities of 0, 1. In Table 4 we see that unlike R 2 τ , the values of R 2 Z |T approach one with increasing |β |. We further discuss the unknown λ 0 (t ) in the last section.
6 | APPLICATIONS
| Leukimia: FREIREICH DATA
We first apply the measure of explained variation to the Freireich et al. [24] data, which consists of the remission times of 42 Leukimia patients in a randomized clinical trial treated with the drug 6-mercaptopurine (6-MP) versus placebo.
The data set has been well-known in the survival analysis literature, and was in the first table of Cox and Oakes [25] . As a diagnostic plot in Figure 3 we show the difference of the cumulative hazard functions between the two treatment groups; under the semiparametric additive hazards model (1) this difference should be linear in time. From the figure we see that except for random noise due to limited sample size the difference shows a very nice linear trend, indicating that the semiparametric model (1) fits the data reasonably well. We note that in the R package 'timereg' that we used to fit the semiparametric additive hazards model, no diagnostic tools appear to be provided for checking this model.
We calculated R 2 = 0.201, indicating, as is known, good separation between the two groups' survival times.
Previously the explained variation of Z given T under the Cox regression model had been calculated to be around 0.40 (ranging from 0.38 to 0.42 depending on the measure used) [16] . While the explained variation of Z given T can be quite different from that of T given Z as discussed earlier, in this case they reflect somewhat comparable strengths of association.
| Prostate Cancer: SEER-MEDICARE DATA
We study the time to death of 29,657 prostate cancer patients with localized non-metastatic disease identified from the The high dimensional data analysis of Hou et al. [26] selected 143 variables to predict non-cancer mortality, and 9
variables to predict cancer mortality, in the context of these two competing risks. The same sets of variables were used in Riviere et al. [27] and a complete list can be found in Table 1 and 2 of their supplemental material. For our analysis of explained variation, we combined these two sets of predictor for overall survival, which resulted in 146 variables:
PSA, Gleason Score, age, race (black versus other), marital status (married versus other) and registry (California versus other), plus the claims codes.
In Figure 4 we plot the difference of the cumulative hazard functions between groups as we did for the Freireich data above, to check the additive hazards model assumption. These are illustrated for six binary variables, the three demographical variables plus three claims codes that are not too sparse to plot. The plots indicate that the model seems to fit the data reasonably well.
Before illustrating the use of R 2 for this data, we note that the explained variation of Z given T under the Cox model, denoted ρ 2 , was calculated in Riviere et al. [27] . They computed ρ 2 = 0.71 for cancer mortality and ρ 2 = 0.60 for non-cancer mortality under competing risks setting.
We first fitted the data to the semiparametric additive hazards model with only the cancer-related clinical variables PSA and Gleason Score, and obtained R 2 = 0.047. We then add the three demographical variables, and observed a substantial increase to R 2 = 0.263. Finally, when we added the set of 143 claim codes, we had R 2 = 0.391. In summary these measures show that the cancer-related clinical variables alone do not explain much (under 1%) variation in overall survival. This can at least be partially understood since only 734 out of the 3,543 total deaths in this data set were due to cancer. In addition, the value of these two clinical variables were taken at baseline, i.e. diagnosis of the cancer, and
were not updated over time for prediction purposes here. Demographical variables, on the other hand, do explain a substantial amount of variation in overall survival. This amount of explained variation was further increased, when adding in the claims codes identified from the high-dimensional SEER-Medicare database. This conclusion echoes the initial goal of the funded project that lead to the previous publications [26, 27] to demonstrate that the high-dimensional
insurance claims code contain rich information about mortality in this patient population.
Finally as we stated before, the numerical values of explained variation of T given Z are not directly comparable to those of Z given T . Considering that the former has an upper bound less than one, it is perhaps also within reasons to conclude that our analysis under the additive hazards model agrees with that of Riviere et al. [27] under the Cox model about the importance of the claims codes in explaining overall mortality for this prostate cancer patient population.
| DISCUSSION
In this paper we have studied explained variation under the semiparametric additive hazards model for right-censored survival data. The explained variation is shown to lie between zero and one, and to increase with the magnitude of the regression effect. It has been known, and is shown again here, that the explained variation of survival time given covariates can have an upper bound strictly less than one. Nonetheless, Ash and Shwartz [28] argues convincingly that low R 2 values can be useful as a measure of model performance and prediction, and we have illustrated the same in our data analyses. Indeed in many of today's genome-wide association studies, polygenic risks scores are commonly assessed using R 2 measures, even though their values are typically very low (single digit of percentage points) for most diseases studied.
The semiparametric additive hazards model is different in several aspects from the historically more widely used semiparametric proportional hazards model. The model and hence its inference is not rank invariant. This phenomenon carries over to the explained variation under the model, leading to its dependence on the baseline hazard function.
On the other hand, the semiparametric additive hazards model is known to be collapsible, in the sense that one can integrate out an independent covariate from the model and still end up with a semiparametric additive hazards model, with the same regression coefficients for all the other covariates. This makes it more sensible to compare nested models which, as we have illustrated, is a common usage for R 2 type measures.
As reviewed in the Introduction, other approaches exist in the literature in order to develop R 2 type measures. In the Simulation section, we have considered a residual based approach, that relates to the explained variation of the covariates given the survival time. This was an approach advocated under the Cox proportional hazards model [16] , as it does not encounter the problem of being bounded strictly less than one. Unfortunately, for the additive hazards model, it requires the knowledge or consistent estimation of the baseline hazard function λ 0 (t ), which is not provided in the commonly used software such as the R package 'timereg' . Smoothing methods such as kernels may be applied to Λ 0 (t ),
and can be potentially used here, but this is beyond the scope of this work. A third approach is based on information gain, but as it turns out, it also requires an estimate of λ 0 (t ) under the additive hazards model.
The R package 'timereg' also allows β to vary with time, i.e. β (t ) in place of β in model (1) . It estimates the cumulative
It is possible to define an R 2 measure similar to what we have done in this paper; the computation is in fact simpler because the estimated conditional survival function S (t |z ) is a step function. To our best knowledge little experience exists in the literature to inform us when to use this more general nonparametric model versus the semiparametric model we have considered here. We have noticed that the nonparametric model does not appear suitable for the two data sets in this paper. The Freireich data set appears to have too small a sample size to the fit the nonparametric model, in that the resulting estimates are extremely bumpy and have large variation. The SEER-Medicare data set, on the other hand, is so sparse in the design matrix (i.e. many zero values for the claims codes), together with high percentage of censoring, that the resulting estimated B(t ) is practically constant zero. This is not difficult to see from the formulaB(t ) = (Z Z) − 
An R package is currently under works for the measure proposed in this paper, and will be made publicly available upon completion.
A P P E N D I X . Ω 2 I N C R E A S E S W I T H | β | : P R O O F O F A S P E C I FI C C A S E
Here we prove that Ω 2 increases with |β | when Z is Bernoulii with p = 0.5 and under the semiparametric hazards model (1) . We have:
If now we consider the special case of λ 0 (t ) = 1, for which λ(t ) > 0 if and only if β > −1, we have:
proving that the measure increases with |β |. Model λ 0 (t ) = 1 λ 0 (t ) = t λ 0 (t ) = 1/(2 √ t ) Z 1 0.012 (0.007) 0.016 (0.008) 0.009 (0.006) 
